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\S 1
, Coxeter group cohomolo
Coxeter group
$S$ $m:S\cross Sarrow \mathrm{N}\cup\{\infty\}$
(1) $s,$ $t\in S$ $m(s,t)=m(t, s)$ ,
(2) $s\in S$ $m(s, s)=1$ ,
(3) $s,$ $t\in S$ $m(s, t)\geq 2$ .
$S$ $m$
$W=\langle$ $S|(st)^{m(\iota,t)}=1$ for $s,t\in S\rangle$
$W$ Oxeter gmup $(W, S)$ Oxeter
system o
Coxeter group , ,
( )
$\mathrm{H}$ . S. M. Coxeter ,
Coxeter group Coxeter
group [B] , ,
,
, Coxeter
group , Coxeter system
, Coxeter group cohomolo
1251 2002 114-123
114
, M. W. Davis [D3]
Coxeter group cohomology , Coxeter
group cohomology
\S 2 Coxeter system
cohomology
Proposition 1([Br, Proposition VIII.7.5]). $\Gamma \text{ }\mathrm{f}\mathrm{f}\mathrm{l},$ $X\text{ }$ free Y-complex
$X/\Gamma$ compact , :
$H^{*}(\Gamma, \mathrm{Z}\Gamma)\cong H_{c}^{*}(X)$ ,
$H_{c}^{*}(X)$ $X$ compact suppod cohomology 0
Coxeter group $W\#\mathrm{h}$ , $\mathrm{f}\mathrm{f}\mathrm{i}\ovalbox{\tt\small REJECT}’$. finite index $f\mathrm{X}$ torsion-free subgroup $\Gamma \text{ }$
, $\Gamma$ free, cocompact
contractible $\mathrm{C}\mathrm{W}$ complex o
, parabolic subgroup o
Definition. Coxeter system $(W, S)$ $T\subset S$ , $W_{T}$ $T$
$W$ , parabolic subgroup
pair $(W_{T}, T)$ Coxeter system
([B]) $T$ $W_{T}$ trivial group .
Coxeter system simplicial complex o
Deflnition. Coxeter system $(W, S)$ , simplicial complex $L(W, S)$
:
(1) $L(W, S)$ vertex set $S$ o
(2) $S$ $T$ , $W_{T}$ $L(W, S)$ sim-
plex
115
, $S$ $S’$ , $L(W_{S’}, S’)$ $L(W, S)$ subcom-
plex
Remark. $(W_{1}, S_{1})$ $(W_{2}, S_{2})$ Coxeter system $\text{ }$
$(W_{1}\mathrm{x}W_{2}, S_{1}\cup S_{2})$ $(W_{1}*W_{2}, S_{1}\cup S_{2})$ Coxeter system
, $i=1,2$
$W.\cdot=\langle$ $S_{1}$. $|(st)^{m(\epsilon,t)}‘=1$ for $s,t\in S_{1}.\rangle$
, $m,m’$ : $S_{1}\cup S_{2}arrow \mathrm{N}\cup\{\infty\}$
$m(s,t):=\{$
$m_{1}(s,t)$ if $s,t\in S_{1}$
$m_{2}(s,t)$ if $s,t\in S_{2}$
2otherwise
$m’(s, t):=\{$
$m_{1}(s, t)$ if $s,$ $t\in S_{1}$
$m_{2}(s, t)$ if $s,$ $t\in S_{2}$
oo otherwise
$W_{1}\cross W_{2}=\langle$ $S_{1}\cup S_{2}|(st)^{m(\epsilon,t)}=1$ for $s,t\in S_{1}\cup S_{2}\rangle$
$W_{1}*W_{2}=\langle S_{1}\cup S_{2}|(st)^{m’(\epsilon,t)}=1$ for $s,t\in S_{1}\cup S_{2}$ )
, simplicial complex $L(W, S)$
$L(W_{1}\cross W_{2}, S_{1}\cup S_{2})=L(W_{1}, S_{1})*L(W_{2}, S_{2})$ (simplicial join)
$L(W_{1}*W_{2}, S_{1}\cup S_{2})=L(W_{1}, S_{1})\cup L(W_{2}, S_{2}.)$ (disjoint union)
, Coxeter system $(W, S)$ , $S$
Coxeter system contractible space
Definition. $(W, S)$ Coxeter system $\text{ }$ ,
$W$ $L(W, S)$ cone $CL(W, S)$ $|CL(W, S)|$
$W\mathrm{x}|CL(W, S)|$ $\sim$ : $(w_{1}, x_{1}),$ $(w_{2}, x_{2})\in.W\cross$
$|CL(\dot{W}, S)|$
$(w_{1}, x_{1})\sim(w_{2}, x_{2})\Leftrightarrow x_{1}=x_{2}$ and $w_{1}^{-1}w_{2}\in W_{\dot{V}(x_{1})},\cdot$
116
$V(x)=\{s\in S|x\in \mathrm{S}\mathrm{t} (s, \mathrm{s}\mathrm{d}L(W, S))\}$. , St $(s, \mathrm{s}\mathrm{d}L(W, S))$




$(w\in W, [u, x]\in\Sigma(W, S))$ $W$ $\Sigma(W, S)$
, $\Sigma(W, S)$ contractible ([D1]), 1-skeleton $W$ $S$ [
Cayley graph $\mathrm{C}\mathrm{W}$-complex $([\mathrm{D}2])\dot{\prec}$
Coxeter group $W\mathit{0}0$ finite index $\text{ }$ torsion-free subgroup $\Gamma\#\mathrm{h},$ $\Sigma(W, S)$
.
free, cocompact $\text{ }$ Proposition 1
$H^{*}(\Gamma, \mathrm{Z}\Gamma)\cong H_{c}^{*}.(\Sigma(W, S))$
$H^{*}(W, \mathrm{Z}W)\cong H^{*}(\Gamma, \mathrm{Z}\Gamma)\cong H_{c}^{*}(\Sigma(W, S))$
([D3])
\S 3.Davis
M. W. Davis Coxeter group $W$ $\mathrm{c}\mathrm{o}\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}!\mathrm{o}\mathrm{y}$
$H^{*}(W, \mathrm{Z}W)$
,
Definition. Coxeter system $(W, S)$
$S^{f}(W, S):=$ {$T\subset S|W_{T}$ is finite} ’
, $S^{f}(W, S)$
117
Deflnition. $(W, S)\epsilon$ Coxeter system $\epsilon\tau o_{0}$
$w\in W$
$S(w):=\{s\in S|\ell(ws)<\ell(w)\}$
$\ell(w)$ $w$ $S$ length
, $T\subset S$
$W^{T}:=\{w\in W|S(w)=T\}$
Davis $H_{\mathrm{c}}^{*}(\Sigma(W, S))$ ,
Theorem 2(Davis [D3]). Coxeter system $(W, S)$
$H^{*}(W, \mathrm{Z}W)\cong\bigoplus_{T\in \mathrm{S}^{f}(WS)},(\mathrm{Z}(W^{T})\otimes\tilde{H}^{\mathrm{s}-1}(L(W_{S\backslash T}, S\backslash T)))$ ,
$\mathrm{Z}(W^{T})$ ffee abehan group on $W^{T}$ , $\tilde{H}^{*}\mathfrak{l}\mathrm{h}$ reduced cohO-
mology
, $H^{:}(W, \mathrm{Z}W)$ ( )
, $T\in S^{f}(W, S)$ , $W^{T}$ ,
$\tilde{H}^{1-1}.(L(W_{S\backslash T}, S\backslash T))\neq 0$
, $W^{T}$ , $\dot{H}(W, \mathrm{Z}W)$
, ,





Lemma 3(cf. [D3, Lemma 1.10]). $(W, S)$ @Coxeter system, $T\in$
$S^{f}(W, S)$ ,
(1) $W^{T}$
(2) $W=W_{S\backslash T}\cross W_{T}$
(3) $s\in S\backslash T,$ $t\in T$ $st=ts$ .
cohomology , F. T. Farrell
Theorem 4(Farrell [F]). $\Gamma$ type $FP$ finitely presented ,
$n= \min\{i|H^{1}.(\Gamma, \mathrm{Z}\Gamma)\neq 0\}$
$H^{n}(\Gamma, \mathrm{Z}\Gamma)$ , $\Gamma$ n-





Lemma 5. $(W, S)$ Coxeter system, $T\in S^{f}(W, S)$ . $2\leq$
$|W^{T}|<\infty$ , $L(Ws\backslash \tau, S\backslash T)$ contmctible
Idea. $2\leq|W^{T}|<\infty$ , Lemma 3 , $s_{0}\in S\backslash T,$ $t_{0}\in T$
$m(s_{0}, t_{0})\neq 2$ , Theorem 4
$L(Ws\backslash \tau, S\backslash T)=s_{0}*L(W_{S\backslash (\{\epsilon 0\}\cup T)}, S\backslash (\{s_{0}\}\cup T))$
Definition. $W=W_{T}\cross W_{S\backslash T}$ , Coxeter system $(W, S)$
irreducible $\mathrm{A}$ )
Coxeter $(W, S)$ $S$ $\tilde{S}$
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Definition. Coxeter system $(W, S)$ ,
$W=W_{S_{1}}\mathrm{x}\ldots \mathrm{x}W_{S_{r}}$
( $(Ws.\cdot,$ $S_{1}.)$ irreducible),
$\tilde{S}:=\cup${ $S_{1}$. $|Ws.\cdot$ is infinite}
,
$W=W_{\tilde{S}}\cross W_{S\backslash \tilde{S}}$
, $S\backslash \tilde{S}\in S^{f}(W, S)$
Lemma 5 , $|W|$
Lemma 6. $(W, S)$ Cbxeter stem, $T\in S^{f}(W, S)$
$L(W_{S\backslash T}, S\backslash T)$ contractible ,
$|W^{T}|=\{$
1, if $T=S\backslash \tilde{S}$
$\infty$ , othemrise
\S 5 Coxeter group cohomology
Lemma 6 , Theorem 2
Theorem 7. $(W, S)$ Oxeter system ,
$H^{*}(W, \mathrm{Z}W)\cong.\tilde{H}^{*-1}(L(W_{\tilde{S}},\tilde{S}))\oplus(\bigoplus_{s\backslash \tilde{s}\neq\tau\in \mathrm{S}^{f}(WS)},\bigoplus_{\mathrm{z}}\tilde{H}^{\mathrm{s}-1}(L(W_{S\backslash T}, S\backslash T)))$ .
Theorem 7 ,
120
Corollary 8. Coxeter system $(W, S)$ ,
(1) $H^{i}(W, \mathrm{Z}W)$
(2) $H^{i}(W, \mathrm{Z}W)\cong\tilde{H}^{i-1}(L(W_{\tilde{S}},\tilde{S}))$
(3) $T\in S^{f}(W, S)\backslash \{S\backslash \tilde{S}\}$ $\tilde{H}^{i-1}(L(W_{S\backslash T}, S\backslash T))=0$ .
Corollary 9. Coxeter systems $(W_{1}, S_{1}),$ $(W_{2}, S_{2})$ [ , $W_{1}$
$\ovalbox{\tt\small REJECT}$ , $n\geq 2$
$H^{n}(W_{1}*W_{2}, \mathrm{Z}(W_{1}*W_{2}))\cong\oplus_{\mathrm{Z}}(H^{n}(W_{1}, \mathrm{Z}W_{1})\oplus H^{n}(W_{2}, \mathrm{Z}W_{2}))$
, $n=1$
$H^{1}(W_{1}*W_{2}, \mathrm{Z}(W_{1}*W_{2}))\cong\{$
$\mathrm{Z}$ , if $W_{1}*W_{2}\cong \mathrm{Z}_{2}*\mathrm{Z}_{2}$
$\mathrm{Z}\oplus \mathrm{Z}\oplus\cdots$ , othemise




$L(W_{1}*W_{2}, S_{1}\cup S_{2})--L(W_{1}, S_{1})\cup L(W_{2}, S_{2})$
,
$\tilde{H}^{n-1}(L(W_{1}*W_{2}, S_{1}\cup S_{2}))\cong\tilde{H}^{n-1}(L(W_{1}, S_{1}))\oplus\tilde{H}^{n-1}(L(W_{2}, S_{2}))$
,
$S^{f}(W_{1}*W_{2}, S_{1}\cup S_{2})=S^{f}(W_{1}, S_{1})\cup S^{f}(W_{2}, S_{2})$
, $T\in S^{f}(W_{1}*W_{2}, S_{1}\cup S_{2})$
$\tilde{H}^{n-1}(L(W_{1}*W_{2}, S_{1}\cup S_{2}))$






$\oplus(\bigoplus_{\emptyset\neq T_{1}\in \mathrm{S}^{f}(W_{1\prime}S_{1})}\bigoplus_{\mathrm{z}}($ $\tilde{H}^{n-1}(L((W_{1})_{S_{1}\backslash T_{1}}, S_{1}\backslash T_{1}))\oplus\tilde{H}^{n-1}(L(W_{2}, S_{2}))))$
$\oplus(\bigoplus_{\emptyset\neq T_{2}\in \mathrm{S}^{f}(W_{2\prime}S_{2})}\bigoplus_{\mathrm{z}}($ $\tilde{H}^{\mathrm{n}-1}(L(W_{1}, S_{1}))\oplus\tilde{H}^{n-1}(L((W_{2})_{S_{2}\backslash T_{2}}, S_{2}\backslash T_{2}))))$
$\cong\bigoplus_{\mathrm{Z}}(\bigoplus_{T_{1}\in S^{f}(W_{1\prime}S_{1})}\tilde{H}^{n-1}(L((W_{1})_{S_{1}\backslash T_{1}}, S_{1}\backslash T_{1}))$
$\oplus\bigoplus_{T_{2}\in \mathrm{S}^{f}(W_{2},S_{2})}\tilde{H}^{n-1}(L((W_{2})\mathrm{a}\backslash \tau_{2}, S_{2}\backslash T_{2})))$
$\cong\bigoplus_{\mathrm{Z}}(H^{n}(W_{1}, \mathrm{Z}W_{1})\otimes H^{n}(W_{2}, \mathrm{Z}W_{2}))$ .
$n=1$ $\tilde{H}^{*}$ reduced cohomology ,
$\tilde{H}^{0}(L(W_{1}*W_{2}, S_{1}\cup S_{2}))\oplus \mathrm{Z}\cong H^{0}(L(W_{1}*W_{2}, S_{1}\cup S_{2}))$
$\cong H^{0}(L(W_{1}, S_{1}))\oplus H^{0}(L(W_{2}, S_{2}))$
$\cong\tilde{H}^{0}(L(W_{1}, S_{1}))\oplus\tilde{H}^{0}(L(W_{2}, S_{2}))\oplus \mathrm{Z}\oplus \mathrm{Z}$
$n\geq 2$
$H^{1}(W_{1}*W_{2}, \mathrm{Z}(W_{1}*W_{2}))\cong\{$
$\mathrm{Z}$ , if $W_{1}*W_{2}\cong \mathrm{Z}_{2}*\mathrm{Z}_{2}$
$\mathrm{Z}\oplus \mathrm{Z}\oplus\cdots$ , otherwise
$\bullet$
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